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A contradiction

GPs for signal processing

Often acquire data at a rate
of many ’000s per second O(n3) inference

Sparse GPs are not a
natural fit for signals:

• still ∼cubic scaling
• smoothing causes a loss

of perceptually important
information
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Solution - State space models

To get around this contradiction, we exploit the sequential nature of
our data to reformulate our model.



First, some setting up:

Think of signal processing as learning a function of time, allowing us
extrapolate, interpolate, reduce noise, . . .

f (t) ∼ GP(0,Kθ(t , t ′))
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First, some setting up:

Think of signal processing as learning a function of time, allowing us
extrapolate, interpolate, reduce noise, . . .

f (t) ∼ GP(0,Kθ(t , t ′))

A GP prior states:
• evaluations of f (·) are jointly Gaussian
• covariance between time steps is determined by Kθ(·, ·)
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which must be specified at time tk in order to be able to predict the
behaviour of the system for any time tk+1 ≥ tk .”

Rudolf E. Kalman
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Stochastic differential equations

fk+1 = Aθ,k fk + qk , qk ∼ N(0,Qθ,k )

This state space model is the discrete-time solution to the linear
time-invariant (LTI) stochastic differential equation (SDE):

df(t)
dt

= Fθf(t) + Lw(t)

with initial state f(t0) = N(0,P∞), for some stationary covariance P∞.
• w(t) is white noise with spectral density Qc

• Fθ is a feedback matrix, Aθ,k = exp(Fθ(tk ′ − tk ))

• L is a noise-effect matrix
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dt

= −λf (t) + w(t)

we have set Fθ = −λ, L = 1, Qc = q, h> = 1 =⇒ P∞ = q/2λ.

K (t , t ′) = σ2 exp(−|t ′ − t |/`), σ2 = q/2λ, ` = 1/λ



There exists a dual kernel / SDE form for most popular GP models

f (t) ∼ GP
(
0, Kθ(t , t ′)

)
, fk = Aθ,k fk−1 + qk−1,

yk ∼ N(f (tk ), σ2
y ) yk = h>fk + σyεk

and inference is performed in O(nm3) via Kalman filtering and
smoothing (n = # data, m = dimensionality of fk )
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Back to signal processing:

we are interested in models that capture periodic latent structure.



The cosine kernel

K (t , t) = cos(ω(t − t ′))
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The cosine kernel

K (t , t) = cos(ω(t − t ′))

state space representation is actually a complex ODE:(
Re[ḟ (t)]

Im[ḟ (t)]

)
=

(
0 −ω
ω 0

)(
Re[f (t)]
Im[f (t)]
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The quasi-periodic kernel

So far we have seen the exponential kernel, and the cosine kernel.

We can construct a flexible quasi-periodic kernel, and its SDE form,
via their product.

K (t , t) = σ2 exp(−|t − t ′|/`) cos(ω(t − t ′))
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(
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The quasi-periodic kernel

So far we have seen the exponential kernel, and the cosine kernel.

We can construct a flexible quasi-periodic kernel, and its SDE form,
via their product.

K (t , t) = σ2 exp(−|t − t ′|/`) cos(ω(t − t ′))

df(t)
dt

= Ff(t) + Lw(t)

F = Fcos ⊕ Fexp = Fcos ⊗ I2 + I1 ⊗ Fexp =

(
− 1
` −ω
ω − 1

`

)
,

Qc = I2 ⊗Qc,exp =
2σ2

`
I2,

L = I2 ⊗ Lexp = I2,

P∞ = I2 ⊗ P∞,exp = σ2I2.
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So far we have seen the exponential kernel, and the cosine kernel.

We can construct a flexible quasi-periodic kernel, and its SDE form,
via their product.
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The quasi-periodic kernel

So far we have seen the exponential kernel, and the cosine kernel.

We can construct a flexible quasi-periodic kernel, and its SDE form,
via their product.

K (t , t) = σ2 exp(−|t − t ′|/`) cos(ω(t − t ′))

0 ω

0
2

4
6

frequency

sp
ec

tra
ld

en
si

ty

Constructing the quasi-periodic kernel in the spectral domain
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The cosine kernel acts as a frequency shift operator on the exponential
kernel to produce the quasi-periodic kernel (σ2 = 1, ` = 3, ω = π/2).
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Spectral mixtures

f (t) ∼ GP
(

0,
D∑

d=1

K (d)
q−per(t , t

′)

)
, fk = Ak fk−1 + qk−1,

yk ∼ N(f (tk ), σ2
y ) yk = h>fk + σyεy,k
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Spectral mixtures
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)
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Can equivalently be written as:

fd,k = ψdeiωd ∆k fd,k−1 + ρd εd,k ,

yk =
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Re[fd,k ] + σy εy,k ,

with ψd = exp(−∆t/`d ) and ρd = σ2
d (1− exp(−2∆t/`d )).



Spectral mixtures

f (t) ∼ GP
(
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′)

)
, fk = Ak fk−1 + qk−1,

yk ∼ N(f (tk ), σ2
y ) yk = h>fk + σyεy,k

Can equivalently be written as:

fd,k = ψdeiωd ∆k fd,k−1 + ρd εd,k ,

yk =
D∑

d=1

Re[fd,k ] + σy εy,k ,

with ψd = exp(−∆t/`d ) and ρd = σ2
d (1− exp(−2∆t/`d )).

This model is known as the probabilistic phase vocoder.



Comparing the two model interpretations

Probabilistic phase vocoder Spectral mixture GP

Fast inference via
Kalman smoothing

Inference slow for long
time-series

Fast frequency-domain
parameter learning

Freq.-domain parameter
learning possible

Interpreting the model
can be challenging

All model assumptions
encoded in the kernel

Changing the model is
hard

Changing the model is
easy
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Missing Data Synthesis
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Audio signal reconstruction

Data imputation using a filter bank composed of the following kernels:
Matérn1/2 (exponential) - 1st order state space form
Matérn3/2 - 2nd order state space form
Matérn5/2 - 3rd order state space form



PART II - APPROXIMATE INFERENCE IN TEMPORAL GPs



Non-conjugate state space models

f (t) ∼ GP
(
0, Kθ(t , t ′)

)
, fk = Aθ,k fk−1 + qk−1,

yk ∼ p(yk | f (tk )) yk ∼ p(yk | h>fk )

Many approximate inference methods (VB, EP) can be applied in the
state space regime.
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:
predict step:

p(fk |y1:k−1) = N(m−k ,P
−
k ) =

∫
p(fk , fk−1 | y1:k−1) dfk−1

=

∫
p(fk | fk−1)p(fk−1 | y1:k−1) dfk−1

=

∫
N(Ak ,Qk )N(mk−1,Pk−1) dfk−1

= N(Ak mk−1, Ak Pk−1A>k + Qk )
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update step:

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k )︸ ︷︷ ︸p(yk | f (tk ))

“prior” over fk
conditioned on
past data

“cavity distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))︸ ︷︷ ︸

“tilted distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )︸ ︷︷ ︸

“site”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )

EP update:
match moments←

←

i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sold(fk )
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:
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−
k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?
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match moments←

←

i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Now consider the RTS Smoother:

• update predictions with future observations
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sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:

predict step:

p(fk |y1:k−1) = N(m−k ,P
−
k ) =

∫
p(fk , fk−1 | y1:k−1) dfk−1

=

∫
p(fk | fk−1)p(fk−1 | y1:k−1) dfk−1

=

∫
N(Ak ,Qk )N(mk−1,Pk−1) dfk−1

= N(Ak mk−1, Ak Pk−1A>k + Qk )

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

update step:

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:
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update step:

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.
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EP update:
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i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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k ) such that the moments are
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
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i.e., choose s(fk ) ∼ N(msite
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k ) such that the moments are
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:

predict step:

p(fk |y1:k−1) = N(m−k ,P
−
k ) =
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=

∫
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=

∫
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update step:

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k )︸ ︷︷ ︸p(yk | f (tk ))

“prior” over fk
conditioned on
past data

“cavity distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))︸ ︷︷ ︸

“tilted distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )︸ ︷︷ ︸
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p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )

EP update:
match moments←

←

i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sαold(fk )

Tilted distribution:

p(fk |y1:T ) = pcavity(fk )pα(yk | f (tk ))

≈ pcavity(fk )sαnew(fk )

Can add in the usual EP extras: power (α) and damping
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sequentially.
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if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
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−
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−
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EP update:
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i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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= N(m−k ,P
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k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?
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−
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“tilted distribution”
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−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )︸ ︷︷ ︸
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p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )

EP update:
match moments←
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i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sold(fk )

We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sold(fk )

Tilted distribution:

p(fk |y1:T ) = pcavity(fk )p(yk | f (tk ))

≈ pcavity(fk )snew(fk )

We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sold(fk )

Tilted distribution:

p(fk |y1:T ) = pcavity(fk )p(yk | f (tk ))

≈ pcavity(fk )snew(fk )

EP update:
match moments←

←

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

0 50 100 150 200 250 300

−
2

0
2

time - t

f(
t)

The new sites snew(fk ) will be used on the next forward pass.

We have the full (marginal) posterior, so we must explicitly remove
the sites:

pcavity(fk ) = p(fk |y1:T )/sαold(fk )

Tilted distribution:

p(fk |y1:T ) = pcavity(fk )pα(yk | f (tk ))

≈ pcavity(fk )sαnew(fk )

Can add in the usual EP extras: power (α) and damping
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Intuitively a good fit for time series — we can process the data
sequentially.
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if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
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k ,Psite
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.

A closer look at the Kalman filter:
predict step:

p(fk |y1:k−1) = N(m−k ,P
−
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∫
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=

∫
p(fk | fk−1)p(fk−1 | y1:k−1) dfk−1

=

∫
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update step:

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

if p(yk | f (tk )) ∼ N(·, ·), the Kalman update equations are just a
stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k )︸ ︷︷ ︸p(yk | f (tk ))

“prior” over fk
conditioned on
past data

“cavity distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))︸ ︷︷ ︸

“tilted distribution”

p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )︸ ︷︷ ︸
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p(fk |y1:k ) = N(mk ,Pk ) ∝ p(fk |y1:k−1)p(yk | f (tk ))

= N(m−k ,P
−
k ) p(yk | f (tk ))

≈ N(m−k ,P
−
k ) s(fk )

EP update:
match moments←

←

i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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match moments←
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i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way

p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Intuitively a good fit for time series — we can process the data
sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way

p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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• update predictions with future observations
• refine the EP sites along the way
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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• update predictions with future observations
• refine the EP sites along the way
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
sequentially.
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
p(fk |y1:T ) ∝ p(fk | yk+1:N)p(fk | y1:k )
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• update predictions with future observations
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Now consider the RTS Smoother:

• update predictions with future observations
• refine the EP sites along the way
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• update predictions with future observations
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Expectation propagation (EP)

Intuitively a good fit for time series — we can process the data
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stable way to calculate this product of Gaussian densities.How about if p(yk | f (tk )) is not Gaussian?
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conditioned on
past data
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EP update:
match moments←

←

i.e., choose s(fk ) ∼ N(msite
k ,Psite

k ) such that the moments are
matched. Store to be refined later.
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An example: nonstationary TF-analysis

We apply this power EP method to a nonstationary extension of
time-frequency analysis model:

prior:

fd (t) ∼ GP(0,K (d)
q−periodic(t , t ′)), d = 1,2, . . . ,D

log ad (t) ∼ GP(0,K (n)
Matérn(t , t ′)),

likelihood:

yk =
∑

d

ad (tk ) fd (tk ) + σy εk

• fd (t): frequency components
• ad (t): positive amplitudes
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Applications

The model can, without modification, be applied to:

Missing Data
Synthesis
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Figure 1: An example of missing data imputation with the GTF-NMF
model for each inference method with 20 iterations. Grey signal is
the ground truth, a recording of a bamboo flute. The yellow shaded
region indicates where the data is missing. Blue shaded area is the 95%
confidence region for the EP method.

1

Denoising

1 · 10−2 0.1 0.3 0.5

0
5

10
15

Corrupting noise variance

S
N
R
[d
B
]

EP 1
EP 20
IHGP 1
IHGP 20
EKF 1
EKF 20
SpecSub

Figure 1: Denoising with various inference methods across five levels
of corruption noise variance (0.01–0.5). y-axis is the signal-to-noise
ratio of the recovered waveform. Mean values across 10 speech signals
are shown. Shaded areas are standard error. SpecSub is the spectral
subtraction baseline.
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Figure 1: Infinite-horizon GP source separation example showing three
piano notes (sources) recovered from a mixture signal (top), where two
notes are played at a time in the original recording.
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One issue with the power EP method

The crucial moment matching step involves calculating the following
(intractable) expectation:

Ztilted =Epcavity(fk ) [p(yk | fk )α]

This can be a very high-dimensional integral for some models!
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PART III - SCALABLE GLOBAL INFERENCE VIA LOCAL
LINEARISATION



Another contradiction

Approximate inference in practice

In practical (industrial)
applications, the extended

Kalman filter (EKF) is still the
tool of choice

Modern day approximate
inference (VB, EP, ...) is more

general and better
approximates the true posterior



Pseudo-code for Kalman filter EP
for k = 1 : T

Kalman predict:
p(fk |y1:k−1) = N(m−k ,P

−
k ) = N(Ak mk−1, Ak Pk−1A>k + Qk )

Moment match:
Lk = logEN(m−k ,P

−
k )

[
p(yk | fk )α

]
,

msite
k = m−k −

(
d2Lk

dmk
2

)−1 dLk

dmk
, Psite

k = α

(
− P−k −

(
d2Lk

dmk
2

)−1)
.

Lk = logEN(m−k ,P
−
k )

[
p(yk | fk )α

]
,

msite
k = m−k −

(
d2Lk

dmk
2

)−1 dLk

dmk
, Psite

k = α

(
− P−k −

(
d2Lk

dmk
2

)−1)
.

Kalman update:

Sk = P−k + Psite
k , Kk = P−k S−1

k ,

mk = m−k + Kk (msite
k −m−k ), Pk = P−k − Kk Sk K>k .

p(fk |y1:k ) = N(mk ,Pk )

end for

Lk = logEN(m−k ,P
−
k )

[
p(yk | fk )α

]
Likelihood p(yk | fk ) = h(fk , rk ) is a nonlinear function of Gaussian
process fk and Gaussian observation noise rk ∼ N(0,Rk )

Linearisation w.r.t. fk and rk via first-order Taylor expansion leads to
a Gaussian approximation:

h(fk , rk ) ≈ h(m−k ,0) + Jfk (fk −m−k ) + Jrk rk

= N
(

yk | h(m−k ,0) + Jfk (fk −m−k ), Jrk Rk J>rk

)

Lk = logEN(m−k ,P
−
k )

[
N
(

yk | h(m−k ,0) + Jfk (fk −m−k ), Jrk Rk J>rk

)α]
Lk = c + log N

(
yk | h(m−k ,0), Jfk P−k J>fk

+
1
α

Jrk Rk J>rk

)

for k = 1 : T

Kalman predict:
p(fk |y1:k−1) = N(m−k ,P

−
k ) = N(Ak mk−1, Ak Pk−1A>k + Qk )

Moment match:
Lk = c + log N

(
yk | h(m−k ,0), Jfk P−k J>fk

+
1
α

Jrk Rk J>rk

)
,

msite
k = m−k −

(
d2Lk

dmk
2

)−1 dLk

dmk
, Psite

k = α

(
− P−k −

(
d2Lk

dmk
2

)−1)
.

Kalman update:

Sk = P−k + Psite
k , Kk = P−k S−1

k ,

mk = m−k + Kk (msite
k −m−k ), Pk = P−k − Kk Sk K>k .

p(fk |y1:k ) = N(mk ,Pk )

end for

Psite
k =

(
J>fk

(Jrk Rk J>rk
)−1Jfk

)−1
,

msite
k = m−k + (Psite

k + P−k )J>fk
(Jrk Rk J>rk

+ Jfk P−k J>fk
)−1(yk − h(m−k ,0))

Kalman update:

Sk = Jfk P−k J>fk
+ Jrk Rk J>rk

, Kk = P−k J>fk
S−1

k ,

mk = m−k + Kk (yk − h(m−k ,0)), Pk = P−k − Kk Sk K>k .
p(fk |y1:k ) = N(mk ,Pk )

end for

This is exactly
the EKF

But storing the sites
allowed us to iteratePsite

k =
(

J>fk
(Jrk Rk J>rk

)−1Jfk

)−1
,

msite
k = m−k + (Psite

k + P−k )J>fk
(Jrk Rk J>rk

+ Jfk P−k J>fk
)−1(yk − h(m−k ,0))

Kalman update:

Sk = P−k + Psite
k , Kk = P−k S−1

k ,

mk = m−k + Kk (msite
k −m−k ), Pk = P−k − Kk Sk K>k .

p(fk |y1:k ) = N(mk ,Pk )

This is now a
globally iterated EKF

Site updates don’t
depend on α

end for
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Unifying EP and the EKF

• For sequential data, the EKF is equivalent to single-sweep EP
where the moment matching integral is solved via linearisation.

• Our algorithm iteratively refines the EKF by linearising about the
cavity, rather than the filter predictions (prior).

• When α = 0 we recover the Posterior Linearisation Filter. Lack of
cavity calculation makes it very stable.

• Linearisation allows for straightforward calculation of
cross-covariances vs. quadrature methods.



Unifying EP and the EKF

• For sequential data, the EKF is equivalent to single-sweep EP
where the moment matching integral is solved via linearisation.

• Our algorithm iteratively refines the EKF by linearising about the
cavity, rather than the filter predictions (prior).

• When α = 0 we recover the Posterior Linearisation Filter. Lack of
cavity calculation makes it very stable.

• Linearisation allows for straightforward calculation of
cross-covariances vs. quadrature methods.



Unifying EP and the EKF

• For sequential data, the EKF is equivalent to single-sweep EP
where the moment matching integral is solved via linearisation.

• Our algorithm iteratively refines the EKF by linearising about the
cavity, rather than the filter predictions (prior).

• When α = 0 we recover the Posterior Linearisation Filter. Lack of
cavity calculation makes it very stable.

• Linearisation allows for straightforward calculation of
cross-covariances vs. quadrature methods.



Unifying EP and the EKF

• For sequential data, the EKF is equivalent to single-sweep EP
where the moment matching integral is solved via linearisation.

• Our algorithm iteratively refines the EKF by linearising about the
cavity, rather than the filter predictions (prior).

• When α = 0 we recover the Posterior Linearisation Filter. Lack of
cavity calculation makes it very stable.

• Linearisation allows for straightforward calculation of
cross-covariances vs. quadrature methods.



Example: log-Gaussian Cox process
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The coal mining accident task (log-Gaussian Cox process) is well
approximated by local linearisations, and iteration improves the match to the
EP posterior.



Example: heteroscedastic noise
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Linearisation in the motorcycle crash task (heteroscedastic noise) is a crude
approximation, but iterating still improves the posterior.



Conclusions

• Spectral mixture GPs can be written as SDEs and have a close
connection to probabilistic time-frequency analysis

• We can perform full power EP in the state space GP setting
(O(n))

• Linearisation in state space power EP recovers the EKF and PLF
(more connections to be found . . .)

Thanks for listening!

contact: william.wilkinson@aalto.fi
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